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In his important paper [5], Philip Hall showed that every finitely generated 
abelian-by-nilpotent group is residually finite. The main purpose of this 
paper is to prove the following more precise result: 
THEOREM I. Let G be ajnitely genzerated abe~~a~~by-~i~ote~t grou?. 
ii) If G is torsion-free-by-jinite, then for all but a$nite number ~f~~~rnes p, 
G is a&he extension of a residually finite-p ~SYX+ 
(ii) If G is an extension of an abelian q-group by a ~~~pot~~t group, where q 
is a prime, then G is a jinite extension of a ~e~‘dual~y~~~te-q ~PIX.+ 
This result easily yields the more general Corollary: 
COROLLARY 1. Let G E 6i n (LT%g, a?zd bt lvd be an abe~~a~ norm& 
subgroup of G with G/M E !Rg. Then there exists a$nite set (r of primes such that 
for every prime p $4 Q. 
The notation here is standard: 6, 92, 2X, $jn denote, respectively, 
the classes of all finitely generated, nilpotent, elian, finite, and finite-7i 
groups. If X is a class of groups, RX denotes the class of residually-~ groups: 
@ is residually-2 if 
9J denotes the class of all X-by-9 groups, i.e., extensions of an X group 
group. r(M) denotes the set of primes p such that M contains an element 
of order $9. 
We prove Theorem 1 by means of a module-theoretic result: 
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THEOREM 2. Let G E 0 n % and let M be a finitely generated GF(p)G- 
module, where p is a prime. Then G contains a normal subgroup K of fkite 
index such that 
fi M(K - l>i = 0. 
i=o 
Theorem 1 has various consequences, which we now describe. We shall 
need the following result, which may be of some independent interest. 
PROPOSITION 1. If G is a jinitely generated group and 
G E (R(i.h n ~))?h 
where rr is a$nite set of primes, then also 
(HOI(G) denotes the holomorph of G, i.e., the split extension G]Aut(G).) 
Proposition 1 is based on an idea due to B. A. F. Wehrfritz, to whom I am 
grateful. 
Taking Corollary 1 and Proposition 1 together, we get 
THEOREM 3. Let G E 6 n ‘%‘Sfj and let M be an abelian normal subgroup 
of G such that G/M E !I@. Then there exists a finite set o of primes such that for 
each prime p 4 (3, 
Hoi(G) E @#kmub) n WiY 
We mention the following consequence of Theorem 3: 
COROLLARY 3. If G E 6 n ‘Wg and H is a subgroup of jinite index in G, 
then HOI(G) contains a normal subgroup 0 of jinite index such that 
T(0) c a(H). 
The proof of this corollary is an easy application of the methods of Chapter I, 
Section 3 of my Ph. D. Thesis [I 11. 
If H is a subgroup of a group G and r is a set of primes, H is said to be 
rr-isolated in G if 
XGG and X”E H implies XE H 
whenever n is a r-number. When rr is the set of all primes, a r-isolated subgroup 
is what is usually termed an isolated subgroup. The following result is due to 
Wehrfritz, [12,2.2]: 
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Let n- be a set of primes and let p, q be distinct psimes, If 
then every centralixer in G (of a subset of G) is r’-isohted in G. (Here TT’ denotes 
the set of all primes $ T.) 
With this result, Theorem 3 at once yields the following: 
THEOREM 4. Let G E Q n ‘W@ and let M be an abelian normal subgroup 
of G such that G/M E a%. Then HOI(G) contaim a noYmat subgroup 8 $f 
fide index such that every centralizer in 0 (of a subset of 0) is ~~~~~'-iso~~~e~ 
in 0. 
Taking rr(iW) = o in Theorem 4, we obtain a new proof and generalization 
of a theorem of J. C. Lennox [7, Theorem A]. 
In their paper [S], Lennox and Roseblade proved that every 6 n %X8 
group is centrally eremitic: The group G is centrally eremitic if there is a fixed 
number e such that whenever C is a centralizer in G, 
n # 5 implies xe E C. 
Now it follows from CoroHary 17 of f6] that if G is torsion-free and centrally 
eremitic then every finite extension of G is also centrally eremitic. Thus we 
may infer the following result from Corollary 3 and Theorem 4: 
COROLLARY 4. If G is a tonion-free-by-fide 8 CT 
01(G) is ceentraZf!y eremitic. 
group t&en 
I suspect that the assumption of torsion-freeness in Corollary 4 can be 
eliminated; but this seems to be a rather more difficult problem. 
The special case of Theorem I(i) where G is a finitely generated torsion-free 
metabehan group has been proved by V. N. Remeslennikov in [$I]. He 
proceeds by concocting (very ingeniously) a linear representation for an 
arbitrary torsion-free metabelian group. This approach is no use to us here 
since it follows from Mal’cev’s well-known theorem on soluble linear groups 
that a general Q A %!HI group has no linear representations of finite degree. 
Our argument is much closer to that of Hail in [5]. erhaps one shoufd 
remark that our Theorems P and 2 do not seem to follow in any very direct 
way from the main result of [5]; by focusing on monolithic moddes too early 
on in the proceedings one appears to lose the sort of global information which 
we are after here. However the central idea in our argument is indeed the 
basic lemma which Hall proved and used in [S]. 
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PROOFS 
We use throughout, without further mention, Hall’s fundamental result [3]: 
If G is a polycyclic group then ZG is a right Noetherian ring. In particular this 
holds for Q n ‘% groups G, and it implies that every finitely generated 
ZG-module is Noetherian. 
Let S be a principal ideal domain (PID) and let p be an ideal of S (written 
p 4 S). Slightly adapting Hall’s notation, we denote by 
the class of all S-modules M such that M contains a free S-submodule F 
with .&l/F a p-torsion module (i.e., for each m E M there exists a natural 
number n so that mpn < F).l Lemmas 5.2 and 6 of Hall’s paper [5] yield the 
following: 
LEMMA 1. Let G E (li n % and let M be a jinitely generated ZG-module. 
(i) ME ‘%(Z, p) for some non.zeYo p 4 Z. 
(ii) Let z be an element of injinite order in the center of G, and suppose that 
p is a prime such that Mp = 0. Then M is automatically an S = GF(p)(x)- 
module, and as such, M E %(S, p) for some nonzero p 4 S. 
If a is an ideal of a ring R, we say that a ispolycentral if there is a series of 
ideals 
0 = a0 < a, < ..’ < ak = a 
and a subset (3, ,..., qC} of R such that for each i < h 
(i) ai = aidI + xiR, 
(ii) xi + ai, is in the center of R/ai-, . 
This terminology was introduced by J. E. Roseblade in [lo], where he 
proved that if G E 8 n % then every ideal of ZG is polycentral. However 
we only need a very easy special case of this result, namely 
LEMMA 2. If G E 6 I-J 117: and K is a normal subgroup of G then K - 1 
generates a polycentral ideal of ZG. 
Proof. K is generated by a set {yr ,..., yn) such that each yi is central in G 
module (yl ,..., y+r). Now consider the elements y:” - 1. 
1 We consider 0 E “X(5’, p) for every p. 
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An essential ingredient in our arguments is the following: 
LEMKA 3. Let R be a right Noetherian ring alzd let M be a$nitely generated 
-module. If a is a polycentral ideal of R and 
then Ea = E. 
E = fi A&.$, 
i=Q 
Lemma 3 is an immediate consequence of a result of NouazC and Gabriel 
[8, Corollaire 2.81, which implies that there exists a natural number k such 
that 
iWa” n E ,< Ea. 
LEMMA 4. Let S be a PID and let M be an S-~Q~sio~-f~ee S-module in 
%(S, p), where 0 f p 4 S. If q is a maximal ideal of 23 not co~tai~~~g p and E 
is a submodule of M such that E = Eq, then E = 0. 
Eprooj. Let F be a free submodule of M with i&!/F p-torsion. Suppose that 
e E E and eq < F. Then e G F; for ep” < F for some integer ok, and 
since q is maximal, therefore 
e E e(p n-I- 9) s F. 
Kow q = xS for some x e S, and 
therefore 
E = Eq = Ex, 
EnF = ExnF = (EnF)x = (EnFjq. 
But E n F is a free S-module since S is a PID. Since q < S it follows that 
EnF=O. 
Thus E is isomorphic to a submodule of M/F and so E is p-torsion. 
p j- 0 and M is torsion-free; consequently E = 0. 
LEMMA 5. Let R be a right Noetherian &g confaining the PID S in its 
center, and let M be a Jinitely generated R-module. Let D be the S-torsion 
submodule of M and denote by D* the annihilator in S of D. Then D* # 0 and 
MD* is an S-torsion-free R-submodule of M. 
ProoJ D is an R-submodule of M since S is central in R, and D is finitely 
generated as an R-module since M is Noetherian. Let X be a finite generating 
set for I). Then X* = D* since S is central in R, and X* # 0 since S is a 
domain. Thus D* f 0. 
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Now D* = XS for some x E S, and then MD* = Mx. Suppose 0 # SE S, 
m E M, and mxs = 0. Then m E D since xs # 0, so already mx = 0. Thus 
MD* is S-torsion-free. 
Proof of Theorem 2. Write 
K+G 
for “K(k) a normal subgroup of finite index in G,” and put 
M==;M(K-1)i. 
i=o 
We must show that there exists K qf G with MK = 0. If this is not the case, 
then since M is a Noetherian R = GF(p)G- module there exists a submodule 
iV of M maximal with respect to there being no K qr G with MK < N. 
Arguing with M/N in place of M, we may therefore assume that for every 
nonzero submodule P of M there exists H Q~ G such that MH < P, 
We may also assume that C,(M) = 1. If G is finite we can take K = 1, 
so let us assume that G is infinite. Then the center of G contains an element x 
say of infinite order. Let 
S = GF(p)(x} _C R. 
As is well known, S is a PID and every nonzero ideal of S has finite index in S. 
Let D denote the S-torsion submodule of M, and D* the annihilator of D 
in S. By Lemma 5, D* f: 0. Therefore the ring S/D* is finite, and it follows 
that for some n # 0 we have x” - 1 ED* (consider the natural homo- 
morphism of (z} into the group of units of S/D*). It follows that MD* f 0; 
otherwise we would have x” E C,(M) = 1 contradicting the assumption that x 
has infinite order. Consequently there exists KI ar G such that MKI < MD*. 
Suppose first that D # 0. Then there exists K2 ~~ G with Mxg < D; 
putting K = KI n K, we have 
by Lemma 5. 
M,<DnMD”=O 
Suppose on the other hand that D = 0, i.e. that M is S-torsion free. By 
Lemma l(ii), ME ‘%(S, p) f or some nonzero ideal p of S. Let q be a maximal 
ideal of S not containing p. Then by Lemmas 3 and 4, 
fjMqi=O 
i=O 
(of course, Mqi = M(qR>i for each i, and qR is a polycentral ideal of R 
because q is in the center of R and R is right Noetherian). 
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Arguing as above with q in place of D*, we see that Mq # 0, so there 
exists K Q~ G such that MK < Mq. Lemmas 2 and 3 show that MK = 
M,(K - 1); so for each n, 
xS. Since M is S-torsion free, 
(M(K - 1)” x) = @ M(K - 1)” x = Mxx* _ 
Thus MK < Mxx < MKq, and it follows that 
This completes the proof. (I am grateful to Dr Roseblade for pointing out 
a mistake in my original formulation of this proof.) 
The inference to Theorem 1 is made with the help of a theorem due to 
K. W. Gruenberg [l, Theorem 2.11: 
If G E 6 A ‘$I and the torsion subgroup of G is a p-group, where p is a prime, 
then G 6 z@, . 
Proof of Theorem 1. Let G E 6 n ?I%. Then every subgroup of finite 
index in G is also in 8 n %!I$ so we may without loss of generality replace G 
by any subgroup of finite index. Let M be an abelian. normal subgroup of G 
such that G/M is nilpotent. We may assume that G = GjiU is torsion-free, 
and if G is given to be torsion-free by finite we may also assume that M is 
torsion-free. Letting G act on M via conjugation, M becomes a finitely 
generated ZG-module (for G is finitely generated and G/M is finitely 
presentable). 
Let Q be a prime and suppose that R is a normal subgroup of G such that 
for each positive integer i, 
fi (Mqi-‘(a - I>” + Mp) = &I@. 
n=o 
ut MK = (Jz=;, M(K - l)“, and suppose that for some i we have MK < M’&l, 
Applying Lemmas 2 and 3 to the ideal (R - 1)ZG and the module 
(MK + Mqi)/Mqi, we infer that 
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and consequently that 
= Mqi. 
It follows by induction on i that 
MK < fi Mqi. 
i=O 
We now apply this observation. Suppose that q is a prime and that Mqs = 0 
for some s; this will certainly be the case if M is a q-group. Applying Theorem 2 
to each of the GF(q)G-modules Mqi-l/Mqi, i = l,..., s, we obtain normal 
subgroups Kr ,..., Es of finite index in G such that for each i 
fi (Mqi-‘(& - 1)” + Mqi) = Mqi. 
v&=0 
PutE=Ern*.* n gs and let K be the inverse image in G of x. It follows 
from the above discussion that 
fi M(K - 1)” < fi Mqt = 0. 
G%=O i=O 
Put Mm = n/r@ - I)“. Then K/Mn is a Q n %-group, since M/M, is 
contained in the nth term of the upper central series of K/M,, K/M is 
nilpotent, and K has finite index in G. Also the torsion subgroup of K/&I, 
is just M/M, since G/M is torsion-free. It follows by Gruenberg’s theorem 
that K/Mn E Rf& . As this holds for each n and nz==, M, = 0, it follows that 
K E Rijg . Thus G E (R$-&)g. 
Suppose on the other hand that M is torsion-free. By Lemma l(i), 
ME %(Z, mZ) for some nonzero integer m. If q is any prime not dividing m 
then Lemmas 3 and 4 show that fir=, Mqi = 0. Now since M is torsion-free, 
the GF(q)G-modules Mqi-‘/Mq” are all isomorphic to M/Mq (multiply by 
qiV1). So by Theorem 2 applied to the module M/Mq, G contains a normal 
subgroup i? of finite index such that 
; (Mqz-l(K - 1)” + Mqi) = Mqi 
12=0 
for each i. The argument is now completed as above to show that G E (R&#. 
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Thus G E (R&b)% f or all but finitely many primes q. This completes t 
e proof of Corollary 1 rests on a very easy lemma, whose proof is left to 
the reader. 
EEIWUA 6. Let M be an abehan group whose torsim s~bgy~up TO has $nite 
e~p~~e~t 
Pi f.~*l p, being distinctprimes. If Tz = lWp?for i = I,..., k, then 
Proof of Corollaary 1. We have M CI G with M abelian and G/M E 
Let To ,..., Tk be the subgroups of M defined in Eem-ma 6; each Ti is a nor 
subgroup of G. By Theorem 1, there exists a finite set u of primes such that 
G/TO E (R&)~ for every prime q # a; and for each i 3 1, G/T# E (R 
Since 
/‘-‘j Ti =O, 
2 
it foilows that 
for every prime q 6 a. As every finite p-group is nilpotent ad. 
+w = {Pl ,‘.‘> Pkl> 
we see that for every prime q $ m, 
This completes the proof. 
Proof of Proposition 1. If G is any group, then Aut(G M CJ contains a 
subgroup isomorphic to HOI(G); this simple but useful fact was observed by 
Wehrfritz in [13], Lemma 2.8, and it shows that to prove Proposition 1 we 
need only prove that under the given hypotheses, 
We are given a finite set VT of primes, and a group 
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Since G is finitely generated, there exists a characteristic subgroup H of finite 
index in G such that 
H E R(&, r\ ‘8). 
Suppose that rr = {p, ,. .., pk} and for each i put 
Ni = fi yj,(H) - Hpii 
j=O 
(here yj(H) denotes the jth term of the lower central series of H, and 
Hq = (hg: h E H)). Since every finite nilpotent group is the direct product of 
its Sylow subgroups, it is easy to see that 
Nl n ... n Nti = 1. 
As each Ni is characteristic in G, it will therefore suffice to prove that for 
each i, 
Aut(GINi) E (R&,)8. 
Thus the problem is reduced to showing that 
Aut(G) E (R%)t? 
under the assumption that 
fi Y~+IW> * HP’ = 1. 
For brevity, we put Hj = Y~+~(H) . HP’. Then H/Hi E 5, , since H is 
finitely generated; and HI/H, is contained in the Frattini subgroup of H/Hj . 
Let I’ = Aut(G) and put d = C,(G/H,). Then d/CA(H/Hj) is a group of 
automorphisms of the finite p-group H/H, which acts trivially on the Frattini 
factor. Therefore by a theorem of P. Hall, [2, pp. 36-371, 
(This is the main point of the proof.) 
Now 
faithfully stabilizes the series Hj < HI < G; since G/Hj is finite and HI/H, is 
a p-group, it follows that 
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Thus A/C,(G/H,) E 3, for eachj; but 
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